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Chapter |

INTRODUCTION

A. Solid Combustion
Solid Rockets are the simplest types of rockets, and for that reason they have been in use
for centuries longer than any other type of mechanical propulsion device. For over 800 years,
military engineers and pyrotechnic enthusiasts have added various and sundry solid ingredients to
rocket cases in a confusing search for the best propelants. Modern scientific and engineering
techniques have vastly improved on this trial-and-error approach. Research conducted during the
20" century has resulted in better solid motor manufacturing methods and has added to a basic
understanding of solid combustion.
Whereas the primary ingredient in almost all older rockets was gunpowder, modern solid
propellants generally fall into one of two categories:
Double-base propdlants have a heterogeneous solid phase. They consist of solid
nitrocellulose dissolved in nitroglycerin, possibly with a few minor additives. Double-base
propellants are detonable, so they pose a safety risk during manufacturing or storage.
Composite propdlants have a heterogeneous solid phase. They consist of oxidizer particles
suspended in a polymer binder. The most popular oxidizer is ammonium perchlorate
(NH4CIOg4), and most binders are polybutadiene variations. Most practical composite
propellants also contain a powdered metallic fuel, such as aluminum. The binder itself will
usually oxidize and burn during combustion, so the term “fuel” often refers to the binder and
not the aluminum.
Regardless of the type of propdlant, all solid propedlants have some specific properties
that are of interest to motor designers. One of the most important properties is the burning rate.

Solid fuels ideally burn normal to the burning surface, an assumption that leads to a
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linear burning rate in the units of distance/time. Figure 1.1 contains a simplified sketch of a
burning solid rocket motor to illustrate the concept of alindear burning rate.

Experiments have shown that macroscopic burning rates typically depend on a power of

pressure through the equation

r=aP". (1.2)

The relationship in Equation 1.1 is usually accurate over a local pressure range. It
indicates an important parameter in solid motor design: the pressure exponent, n. If the pressure
exponent is low, the propdlant will be stable in the particular pressure range. If the exponent is
high (approaching unity), then the propellant could potentially become unstable with a small
change in pressure. Gunpowder, for example, has a high pressure exponent, so it explodes when

pressurized.

v

Gas
\ \_/ Velocity

— High N

Pressure /\’)
P /\

Fuel Grain

v

1-t Burning

Rate

AR

Figure 1.1: Sketch of Burning Solid Motor



Solid propdlant burning rate is also a function of initial temperature of the propellant.
Two variables, s, and p, describe the temperature sensitivity'. The sensitivity of the burning

rate to initial temperature at constant pressure isS,. Its mathematical definition is

_ ﬂlnr| _ MinaP"
|

-1l (12)

m | am

p
p

The temperature sensitivity of the pressure to initial temperature at a constant
throat/burning surface area (k) is denoted py. It represents the sensitivity of the mean motor
pressure to the initial temperature of the motor. Note that py only applies to whole motors, while
S, can be an intrinsic property of the propellant. The definition of pyis

:ﬂInP
k ﬂT

_17P

« PIT

: (1.3
k

A system as complicated as a burning solid propedlant will clearly have many other
quantifiable elements that affect the system. Properties such as flame structure, deflagration-
detonation-transition (DDT) environment, and composition of combustion products are all
important to motor designers. A complete list of all parameters that could possibly be significant
would require twenty or more pages.

One final property that is important in this paper, however, is the pressure-coupled
frequency response function. Response functions in combustion are exactly like response
functions in mechanics. They are ratios of the magnitude of an output function to the magnitude
of a driving function. In the case of the pressure-coupled response, the driving function is
pressure, and the output function is burning rate. The pressure-coupled response function, Rp, is

) 14
o (1.4)

p
where mis the mass burning rate, (") denotes a differential change and () denotes a mean
quantity. Pressure-coupled frequency response is an intrinsic property of the propelant that is

very important in motor design. It is a function of frequency of pressure oscillations, so peaksin
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R indicate areas where the propellant could easily become unstable. In Figure 1.2, for example,

the propellant has a peak at around 675 Hz, and motor designers should not use the propdlant in a
motor that has a natural acoustic mode anywhere between 400 and 800 Hz.

Most of the rest of this thesis is an attempt to theoretically predict burning rates,

temperature sensitivities, and pressure-coupled frequency response functions of a particular class

of composite propellants. The following two sections introduce experimental and theoretical

means of calculating these three properties.

1

Maotallized Composito (AP/CTPRMAY) Propellant Formulation

P = 500 psi (35 MPa)

T o HAotary Valvo
0 Micrawavo

Rp(r)

T T
0 200 400 600 800 1000

FREQUENCY - HZ

Figure 1.2: Example of Pressure-Coupled Frequency Response Function®



B. Experimental Research

1 Burning Rate

The most common way to obtain burning rates has traditionally been the Crawford strand
burner®. This device, shown in Figure 1.3, is very simple. A propelant strand with an inhibiting
outer coating has two or more wires threaded through it. As the surface regresses (linearly, by
assumption), it burns through the wires, changing the resistance in the system. Knowing the time
between the resistance change and the initial spacing of the wires allows for a calculation of the
burning rate of the propdlant.

There are many other techniques for finding burning rates in a laboratory. One relatively
new technique is to use an ultrasonic transducer to bounce a sound wave off the propellant
surface™. By measuring the time it takes to travel from the transducer to the surface and back, it
is possible to calculate the position of the surface in a 50-200ps time interval. The ultrasonic
method has two advantages: 1) it allows for many measurements in one test, and 2) it allows for
measurements under pressure transients. Figure 1.4 is a simplified diagram of the ultrasonic

technique.

Timing Wires FPBY

N
\

-

Figure 1.3: Crawford Strand Burner
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Figure 1.4: Ultrasonic Burning Rate M easurement

Unfortunately for motor designers, solid propelants do not always burn in an operational
motor as they do in alaboratory. Inamotor, hot, high-velocity gases are flowing over the surface
of the propdlant, thus increasing the burning rate and causing other difficulties. Expensive
measurement methods, such as x-ray pictures®, are usually necessary for measuring burning rates
in motors although heavily instrumented experimental motors often contain ultrasonic
transducers, thermocouples, pressure transducers, and an array of other instruments.

2. Temperature Sensitivity

In theory, finding temperature sensitivity is easy once the burning rate is known. If the
burning rates are r, and r, at initial temperatures T, and T respectively, then S, is a simple

relationship. For discrete data, spis

:‘nlnr| @Inrz- Inr, (15)
p ! )
1]Ti ‘p Tz - T1
or, aternatively,
Sp:‘nlnr| ol h (L6)

ml, fo,-T,
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Similar relationships exist for p.. The problem is that S, and py are differential
quantities, and discrete data do not generally translate wel into smooth differences.
Consequently, experimentally measured values of S, and pi typically have a great deal of
scatter”.

3. Frequency Response

By far the most widely used device for measuring propellant frequency responseis the T-
burner, which has a record of over 50,000 tests®. The T-burner is a length of tube with one
propellant grain at each end. Gas flows out of the tube through a nozzle in the center of the tube,
and the two propdllant grains force pressure on each other to produce oscillations. The length of
the tube determines the oscillation frequency. Figure 1.5 is a sketch.

T-burners have several disadvantages. Among other problems, they use a large amount
of propdlant per test, they do not generally generate reproducible results, and they do not
accurately mimic internal motor conditions. As a consegquence, other methods for determining
the pressure-coupled frequency response are now under development. They include, but are not
limited to, microwave burning rate measurements’, exhaust modulation®, magnetohydrodynamic
flow measurement™, and direct modulated mass-injection (now under development at UAH).
Modern experimental methods till require significant development before they can produce

accurate, cheap, reproducible response predictions.

Propellant

: Nozzle :::

Figure 1.5: T-Burner



C. Theoretical Research — Steady-state Models

Combustion is a very complicated phenomenon, and modeling efforts are rarely able to
quantitatively reproduce experimental data. A few models have been precise enough to stimulate
burning rate “tailoring” for specific motors, but most modes predict only qualitative behavior
and trends. The most practical justification for spending money on theoretical combustion
modding is that theoretical procedures may lead to a better understanding of physical processes.
That is, modeling has scientific value, not necessarily engineering value.

To make matters even more difficult, the heterogeneous structure of composite
propellants complicates the combustion process, making a nearly intractable problem even worse.
This additional complication generally prohibits analytic solutions of burning rate as a function of
pressure and propellant properties. Most composite steady-state models, such as those listed
below, require numerical solutions on computers.

1. Beckstead-Derr-Price Framework

The first successful heterogeneous modd for composite propellants was probably the
Beckstead-Derr-Price (BDP) multiple flame model®. This mode was the first to recognize that
the flame structure of a composite propellant was not homogeneous. Indeed, diffusion processes
associated with heterogeneity often dominate the combustion process in BDP models.

The BDP concept involves three combustion regions: two kinetics-dominated (reaction)
flames and one diffusion flame. The oxidizer, usually ammonium perchlorate (AP), breaks down
in one reaction flame and sends approximately 30% O, into the diffusion flame. Binder
decomposition products pre-react in the other reaction flame then rush into the diffusion flame,
where they react further with the oxygen.

Examples of influential parameters in BDP models include the heat of vaporization, the
heat conduction into the solid phase, and the flame standoff distances. In a BDP-type modd,
wher e the combustion occurs is as important as how it occurs.

2. Separate Surface Temperatures

Researchers have added numerous improvements to the original BDP mode
since its original publication®. One of the most important improvements is the consideration of

separate surface temperatures for binder and oxidizer. Because the flame structure is different
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over the binder and oxidizer, there is no reason why their surface temperatures or heat fluxes
should be the same. Separate surface temperature models are necessarily more elaborate because
they incorporate the solid-phase reationships of two original BDP models — one for the AP and
one for the binder. Nevertheless, they can reproduce observed behavior that other, simpler
models cannot ™.

3. Multi-modal Composite Propdllants

Another limitation of the original BDP model was that it could only simulate propelants
with a single oxidizer particle size. Most composite propdlants, in contrast, contain a wide
dispersal of oxidizer particle diameters. Such a scattering is actually desirable because
propellants with a single oxidizer particle diameter are limited to slightly more than an 80%
theoretical maximum oxidizer mass fraction. Simply put, small oxidizer particles are necessary
to fit in between the large ones in order to have a high oxidizer percentage.

Most propelants have essentially two or three particle sizes, with a scattering of other
sizes around the mean. Propdlants with only one particle size are called mono-modal, those with
two are called bi-modal, and so on. The plot in Figure 1.6, for example, is a bi-modal propellant
with a large scatter around the coarse oxidizer size.

Glick, Condon, and Renie created a new statistical formalism to deal with multi-modal
propellants™*®. The result of their research is called the Petite Ensemble Model (PEM). The
PEM is still a one-dimensional model, but it incorporates a three-dimensional picture of burning
oxidizer particles. The PEM method isto track the evolution of an oxidizer particle from the time
it breaks the surface until its final consumption. Each particle has a separate life cycle, but all
particles for a particular mode can reduce to a representative “petite ensemble’ for that mode.

Glick et al. proposed that each oxidizer mode has a mass distribution function, Fo 4, defined as

¢ - InD &l
Fo = e lg’—”D D9y (17)
v2ps g 2 S a4

where S is a mode width parameter that roughly corresponds to standard deviation, D is the

diameter of a particular particle, and D isthe diameter of the oxidizer mode itself.
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In Figure 1.6, for instance, the propdlant has two distinct modes. The small-diameter

mode is around 15um with a small s, and the large diameter is around 150pm with alarge s. A
value of S that is greater than unity indicates a “polydisperse” propellant.

The total burning rate is therefore the following integral over all the modes of the

propellant:

r= Q;—dd F,d(nD). (1.8)

The PEM has been moderately successful in modeling the effects of particle size

distribution on steady-state properties™™®.

W
(=]

™~

[y
o

Incremental weight of major fractions, %

100 200 300 400
Particle diameter, micron

o

o

Figure 1.6: Oxidizer Particle Size Distribution in a Sample Propdlant™’
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D. Theoretical Research — Nonsteady Models

Nonsteady-simulation of combustion processes is a very tedious endeavor. In addition to
the normal complexities encountered in steady-state modeling, nonsteady models must also
account for thermal lags in the solid phase.

Under most normal pressure transients, the gas phase reacts very quickly. Thermal
capacitance in the gas phase is usually negligible compared to heat accumulation in the solid
phase. Thus, the solid phase thermal relaxation time is the most important factor in determining
the nonsteady response of burning rate to pressure differences. It is what ultimately drives the
pressure-coupled frequency response of the prope lant.

This thermal relaxation time, or “characteristic response time’, is a function of the
thermal diffusivity of the propelant, a, and its burning rate. Dencted t, the thermal relaxation

timeis

t =2, (1.9)

Under a positive pressure transient, the temperature profile in the propelant is artificially
steep, causing the propellant to burn faster than it would under the exact same pressure at steady-
state. The essence of nonsteady modeling is to determine exactly how the thermal relaxation time
affects the burning rate, given a known driving pressure function.

Because solid combustion processes are so intricate, most modes incorporate Quasi-
Steady gas phase, Homogeneous solid phase, One Dimensional (QSHOD) assumptions to
simplify the problem. The acronym is disingenuous, however, because some of the more
advanced models, including this one, do accommodate some properties of Heterogeneous (i.e.,
composite) propdlants.

1. Linear Models

Linear pressure-coupled frequency response models have been in existence since the
1940's. There are essentially two main categories: those that rely on Flame Models (FM) and
those that rely on the Zeldovich-Novozhilov (ZN) method.
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Every nonsteady analysis, regardless of its classification, starts with the same basic
relationship. The transient heat conduction equation is a second-order, parabolic partia
differential equation that represents an energy balance at some point x in the solid phase. 1ts most

general formis

rC, - = ﬂﬁ_T_ rr ( pT), (1.10)

ﬂt x X @ x

where x = 0 at the burning surface and is positive above the surface. At steady-state, Equation
1.10 becomes a second-order ordinary differential equation. Assuming that the thermal properties
of the propdlant are constant, that the temperatureis T, at the surface, and that the temperature is

T, well below the surface at x = -¥, the steady-state heat conduction equation becomes

LIS LIPS (1.12)

ix? ix

a

The ODE has the following solution, which defines the steady-state temperature profile:

X

-0

T() =T, +(T, - T) e (L12)

a

Q

Note that Equation 1.12 is not linear, as the steady-state profile would be in a normal heat
conduction equation. This nonlinearity results from the burning rate contribution term in the
transient heat conduction equation. In colloguial terms, the burning rate “bends’ the normal
linear profileinto an exponential one.

The next step in the development of a linear modd is to define a function for the mass
flow rate. A simple Arrhenius expression gives the mass flow rate as a function of surface

temperature only™®. The Arrhenius expression is

E 9
ﬂ
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The following are some useful non-dimensional terms:

m=S (1.14)
G
q=0 (1.15)
TS
xC
X =—2% (1.16)
I p
and
W=tw. (1.17)
The linearized and non-dimensional form of the Arrhenius expression (Equation 1.13) is
therefore

nt=z_q¢, (1.18)
where the steady-state portion has been subtracted out, and the exponential z., is given by

z . =— . (1.19)

If the reader is unfamiliar with the process of linearization, the next section contains an example

using an exponential function. The non-dimensional form of Equation 1.10 is

T°q 9 99, _
LI e LA L R ) 1.20
o ( m@ﬂx ﬂt (1.20)

The steady-state solution of the above PDE is Equation 1.12 again. Using the new

notation, Equation 1.12 becomes

q =q, +({1- q,)expl). (1.21)
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Now two assumptions become necessary: 1) pressure input is a sine wave with
frequency; and 2) the surface temperature oscillates at the same frequency as the input, though
not necessarily in the same phase. One can represent this assumption with the familiar complex

exponential,
g =q +jag,|expliwt). (1.22)

Substituting Equations 1.22 and 1.21 into Equation 1.20, subtracting off the steady-state
portion, assuming that g Yqx is on the same order as q’, and linearizing, the new transient heat

conduction equation is

"q¢_ fq¢

. - iWg 6= mdL- g, )explx), (1.23)
ix ix

which has the solution,

6= exp(s ) + md1 - qi)‘w[exp(x)- ep(s«)] (1.24)

where sis the familiar Laplace variable, the positive solution to the quadratic equation,

s®-s-iwW=0. (1.25)
Another simplifying constant would be useful here. Let A be defined by

A=(-q ). . (1.26)

The next step is to draw an energy balance from x = 0" to x = +¥ asfollows:

T
GC T, +Gq, =1 — +GC, T, . (1.27)

ﬂx x=0"

After substituting Equations 1.24, 1.25 and 1.26 into Equation 1.27, and after

considerable manipulation, the nonsteady energy balance becomes

: 5 C
iﬂ?s_ N+ AL A= - —2qg. (1.28)
z_ e S C

s p.s
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Here is where the American and Russian approaches have traditionally diverged.

Equation 1.28 contains two variables: ¢ and ". Another equation is necessary in order to obtain

a solution. One approach is to simply assume an equation based on an exponential, pressure-
related modd of theflame. Thisis the so-called flame mode approach.

For example, Denison and Baum'™® used a simple expression to link the gas phase to the

burning rate. They proposed

® E, 0
G=cP" expg- —— (1.29)
& 2RT,
or, linearized,
(
me=n"%, 91 (1.30)
P op

where z; is analogous to z.. The definition of z; is

, = (1.31)

B= 29 %sq (1.32)

Solving Equations 1.28 and 1.30 together leads to the following definition for the

pressure-coupled response function:

R = nB (1.33)

p (s- 1)+é- A+B
S

(Equation 1.33 often takes different forms in the literature, with dlightly different
definitions for A and B.)
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The Zedovich-Novozhilov method® is an alternative approach for creating linear

models. It is a phenomenological description that depends on steady-state properties of the
propellant to replace Equation 1.29.

One form of the ZN response function looks very similar to the flame model result™. It is

n+ (nr - pk)(s- 1)

R = , (1.34)
" 1+r(s- 1)- k(s- 1)/s
wherek, r, and L are combinations of rate properties as follows:

k=(T-Tk,. (1.35)

r= LA , (1.36)
IR

and

&fT. 0

m:_Lg m, o (1.37)

T,- T, &MInPg

Idedlly, the ZN approach would yield a better response function because it does not rely
onan a priori flame mode. In practice, however, ZN models often suffer from lack of accurate
data because the parametersr, k, and L are very difficult to measure precisdy in the laboratory.

Brewster and Son thoroughly analyzed both ZN and flame models in 1994 and concluded
that the simple Arrhenius expression with no pressure dependence was inadequate for nonsteady
analysis”. They proposed the use of a different expression, called zeroth order decomposition,
which had been in use since the early 1970's*,

The zeroth order decomposition relationship is

® 2 0
ASr STSZCp,sa s expg- > _
RT,

) 2E[c,(T,- T)- Q./2- falrr |

2

r (1.38)
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Equation 1.38, however, really applies only at steady-state. Because of the consideration of
condensed-phase energy storage, a proper unsteady version must include an integral term to
account for solid phase capacitance, shown here as

@ 2 0O
ASr STSZCp,Sa s expg- > _ (139)
RT,

r’=

u

2E.&C,(T.-T)- 1. ¢f, W k- Q/2- f.q/rr,
& 97 qt

oOCN

Brewster is continuing work in this area by modifying the initial temperature in the zeroth order
decomposition equation®,

Another question for linear models is how to extend them to heterogeneous propellants.
Onetactic is to perturb and linearize a BDP-type steady-state moddl. This approach usually leads
to a functional form similar to Equation 1.33, but with significantly more complicated constants®.

Glick et al. tried a different approach by extending the PEM to unsteady situations®.
Their work implies that a multi-modal propellant will behave like a series of homogeneous
propellants, so it is possible to combine the end results of several homogeneous response
functions. Indeed, they did report multi-peaked response functions that were consistent with
several QSHOD modelsin series.

2. Nonlinear Moddls

As mentioned above, all nonsteady solid combustion models employ the transient heat
conduction equation and share some of the same basic assumptions. Linear models, however,
generally have an analytic solution, due to the simplification process.

The standard way to linearize a function is to take the Taylor series expansion and

disregard everything higher than order two. For example, consider the following function:

f(x) = Aexp(Bx). (1.40)
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At any given ¥, it is possible to represent the independent variable using a mean and a
perturbation around the mean. Let x = X + x(. Substituting and expanding the original function

inaTaylor series, one abtains

f=A+AB&+x®+1AB%i+x®?+1AB%i+x¢4a”. (1.41)
2 6

The perturbations around the mean are, by assumption, relatively small. Surely, then, the
square of the perturbations would be even smaller, in fact negligible. Neglecting everything of

second-order or higher, thelinearized form of f is

f = A+ AB(X + x(). (1.42)

Setting f = f + f¢and subtracting off the steady portion, one obtains

f (= ABXC. (1.43)

Equation 1.43 is linear and thus is much simpler than the transcendental Equation 1.40.
If amodd contains a system of linear equations, it will have a simple analytic solution, whereas a
system of transcendental equations may not have an analytic solution and will require numerical
solution techniques.

Nonlinear models do not consider the perturbations to be necessarily small, and thus they
include second-order or higher terms. These additional terms do complicate models significantly,
but nonlinear models can account for effects that linear models cannot.

Nonlinear models can, for instance, account for large pressure spikes and possibly predict
extinguishment and deflagration-to-detonation thresholds. They can predict the evolution of a
system over time, and they can give response functions in terms of both amplitude and frequency.

To create a nonlinear modd, it is necessary to preserve at least some effects of order two
or greater. One approach is to take the Taylor series expansions of functions, as in the linear
case, but leave in terms of progressively higher order®. Another approach is to perform no
reduction whatsoever. These are the most complicated attempts, and they require relatively
sophisticated computers and programming techniques. Researchers have been able to attack the

nonlinear problem since the 1970’s, but modern computing power has sped up the process™.
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Because of the added complexity of the mathematical circumstances, nonlinear models
typically incorporate many simplifying assumptions about the physical circumstances. No
nonlinear models in the open literature have been able to account for the complex gas phase and
heterogeneous solid phase of a BDP-type analysis. Some nonlinear models, however, have been
able to account for changing thermo-physical properties in the solid phase®®®. Variable-
property models have shown a reduction of amplitude in the frequency response function, as well
as a shift to higher frequencies. The observed effects are probably due to temperature profiles
that are steeper in variable-property simulations than in fixed-property simulations. As discussed
in Chapter 1V, steeper temperature profiles typically diminish response amplitude and shift the
peak to higher frequencies.

3. A New Approach

The purpose of this thesis is to combine some of the best aspects of the different types of
models into one comprehensive moddl with an intrinsically heterogeneous view of composite
solid combustion. The following chapters describe a modd of solid propellant combustion that is
very similar to the BDP steady-state description, but with time-dependent terms to account for
thermal lags in the solid phase.

The modd is a completely nonlinear analysis that contains no Taylor series expansions.
It is a description of mono-modal propelants only although a PEM or other surface description
might not be too difficult to merge into the model at some later date. The model does not account
for changes in constant-pressure specific heat and thermal conductivity in the solid phase
Essentialy, it is an attempt to marry the mathematical and numerical complexity of a nonlinear

mode to the more physically accurate view of a BDP steady-state modd.



Chapter 11

STEADY-STATE COMBUSTION M ODEL

A. Theoretical Framework

The theoretical modd presented here is a modification of the original BDP multiple
flame model for composite propelants. Asinthe BDP, the present model contains three types of
flames, as shown in Figure 2.1.

The pre-mixed flame is a kinetics flame that emerges due to the exothermic
decomposition of AP. The most reactive product of this flame is the approximately 30% O, that
results from AP decomposition. The reaction flame is also a kinetics flame, but it receives its
chemical energy through a reaction between perchloric acid from the AP flame and gaseous
decomposition products from the polymer binder. Finally, the flame occurs above the kinetics
region where the products of the previous two flames diffuse into each other and form the final

decomposition products.

diffusion
flame

reaction flame

BINDER

Figure 2.1: Conceptual Picture

20



21

B. Mathematical Devel opment

The mode comprises eight interrelated, dependent variables, which are eucidated below.
In al the following equations, the coordinate system is one-dimensional, with x = 0 at the surface,
x = -¥ far below the surface, and x = +¥ far above the surface. This Lagrangean coordinate
reference frame moves relative to a “laboratory” reference frame. Rather than picturing a
propellant surface that regresses to a base, the simplest way to view the system is to picture a
“river” of propdlant that flows to the surface, where it vaporizes.

1. Mass Flux of AP

Because the modd is one-dimensional, a mass flux (mass flow rate per unit area) can
represent the mass flow. The mass flux is the same, by assumption, at any point on the surface of
an AP particle.

The burning rates of many materials seem to be related almost soley to surface

temperature. In this model, the Arrhenius surface pyrolysis relationship™® is

& g O

G, = A, expg- = 7 (2.1)
e RTs.apQI

Although this expression does not account for sub-surface effects as in Equations 1.38 and 1.39,
other expressions in the modd do account for them. Thus, the Arrhenius expression is probably
adequate in this case.

2. Mass Flux of Binder

The mass flux of the binder is essentially the same expression as Equation 2.1 with
different thermo-physical constants. The binder Arrhenius expression is
g? E

"
—s * (2.2)

Gb = A&,b eXp ="
& RT,, 5

There has been some recent discussion about the activation energy for HTPB under
combustion heating conditions®. The binder seems to have a lower activation energy under

higher heating rates. This is probably due to physical processes, not changes in polymer
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chemistry. The activation energy used here is 8.8 kcal/mole, a value that corresponds to a
relatively low heating rate®.

3. Total Mass Flux

Because the modd is one-dimensional, another equation is necessary to combine the
mass fluxes of binder and AP. Modeers have used several different relationships in the past,
some more elaborate than others. The PEM, for example, is probably the most accurate, but, of
coursg, it is also one of the most tedious.

The purpose of this model is not to create a perfect steady-state description. Hence,
simplicity wins out in this situation, and the simplest relationship that conserves physical
principlesis the best.

The mass flux of the propellant must be an algebraic combination of the mass fluxes of
the binder and oxidizer. Assuming that the propellant burns linearly, the average combined
burning rate should be the total amount of time that a propdlant burns, divided by the total

length. Figure 2.2 shows the concept graphically.

v A t=t

Figure 2.2: Total Burning Rate
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Simply picking a characteristic length of 7, the total mass flux over that length becomes

. (2.3)

1
p |\/|ap+|\/|b aﬂle-aap
G,A GA G, G,

4, AP Flame Height

The reaction flames of the modd are, by assumption, second-order flames. In common
terms, this assumption means that the reactions result from two particles colliding, not from
commingled reactions involving three or more particles. Mathematically, the assumption means
that the total flame height isinversely proportional to the square of the pressure.

The pre-mixed flame height is also a function of the gas velocity moving through it. Itis
therefore directly proportional to the mass flux of AP. It also depends on the activation energy of

the reaction in an Arrhenius-type expression. The expression for x; 5, in the current mode! is

Ga
Xf,ap = ° .. 1 (24)
B E,?
P Ag,ap expg- =
& RTipgy

which is similar to kinetics-dominated flame heights in many other models'*>*.

5. Total Flame Height
The expression for total flame height is somewhat more complicated. It too has a
kinetics-related component that is proportional to the inverse square of the pressure, but it has a

diffusion component as well. The reaction flame height is very similar to Equation 2.4, and its

equation is
GP
X = - 5 (2.5
E 2
PUA epg- T
& RT, 54

Diffusion flames, as their names imply, result from mixing processes where one material

diffuses into another. Bunsen burners and cigarette lighters are examples of diffusion flames.
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Burke and Schumann were probably the first researchers to thoroughly analyze diffusion flames
in macroscopic environments, and they accomplished this in 1928%. Their analysis is still in
common use today.

Under relatively fast burning rates, the Burke-Schumann analysis reduces to

X, = ——F—>— (2.6)

Aiiff (r ng )eff
where D4o* is the characteristic diameter of an oxidizer particle. It represents the average
diameter of an oxidizer particle while the propdlant is burning. It is related to the mass fluxes of

AP and binder, as well as the surface geometry, through the following:

« 2D,
Dap = T . (27)
6

Two effects contribute to the value of the diffusion coefficient. The dominant
contribution at low pressures is ordinary laminar diffusion mixing, which is itsef related to a
reference diffusion coefficient and temperature®. It has the form

b

T
(r,D,). =r,D, f;p . 2.9)

Substituting the ideal gas law to write the laminar diffusion coefficient as a function of

temperature alone, the laminar coefficient is

o1 M (2.9)
R

0" f,ap

(r,D,).. =D,T
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The second effect on the diffusion coefficient is turbulent mixing. This is a relatively
high-pressure phenomenon that is near zero below a threshold. The following equation represents

turbulent mixing in the modd:

« & e @ O

(r,D,) . =KG,D, Stan*(C,C,)+tan&C, 6= - C, - (2.10)
turb p apg A 8)( -
& E &  dp

In the above equation, K is a constant that is on the order of one, C; and C, are constants that
control the onset of turbulence, and the arctangent function is a convenient way to mode the
growing effects of turbulent mixing on the system.

A postulate of the modd is that turbulence commences in the diffusion flame as reaction
height falls. When the reaction height is large, turbulence is negligible, but when it shortens at
higher pressures, the arctangent function in Equation 2.10 becomes significant. This is a purdy
utilitarian assumption, as it is necessary to define some sort of criterion for when turbulence
should appear and a full turbulence analysis would be too complicated for the current project. In
Equation 2.10, C; controls the point at which turbulence begins, and C, determines the length of
the transitional region. Figure 2.3 is a graphical representation.

Setting (I gDg)eit = (I gDg)iam + (I gDg)rurn @Nd X = X + Xq (that is, by combining Equations
25,2.6,27, 29, and 2.10), thetotal flame height equation becomes

%2
X =T % : (2.12)
5 -2 ¢ @ o
Ad”f gDOTf apb-l —* KGPDaP gtan-l(C1C2) + tm-l&zg - C]_ _l:l_l;l
Q ' R g A SX U
€ e g &X  dy
+ Gy
P2A exps- —— T
§ RT,



tan™ (((1/x )-C, )*C,) +tan™ (C *C )

3 TT T 17T T ‘\ TT T T T ‘\ TT 17T T ‘ TT T T T T
I Fully-Developed Turbulence \
25+ =
2 - 1
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15 \ ]
1 - —
05+ No Turbulence —
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10 1 0.1 0.01 0.001
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Figure 2.3: Turbulence as a Function of Reaction Flame Height
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6. AP Surface Temperature
The oxidizer and binder have separate surface temperatures in the modd, and equations
for both come from energy balances. Consider an energy balance from degp in an oxidizer grain
(x = -¥) to just above the surface (x = 0%). Assuming that the only energy going into the surface

is conduction from the gas phase, the energy balanceis

GapCp,s,apTi +I g,apﬂ (212)
ﬂx x=0"
: m
+Gapqv,ap = GapCp,S,ast,ap + d" s,apCp,s,ap Eﬂx .
-¥

Ammonium perchlorate has three distinct crystal phases. The first phase is only present
at very low temperatures and is not of interest in practical rocket applications. The second phase
is an orthorhombic phase, which is the natural state from cold temperatures up to approximately
513K. Thethird phaseis a cubic phase that persists until sublimation/melting. For the purpose of
this modd, however, use an average specific heat at reference temperature, T,=500K.

From a steady-state viewpoint, the phase transition does not matter, except that it draws

energy out of the system. The @ 4 iS positive (exothermic), and it is the sum of three energies:
OQvap = O + Qhapap T O (2.13)

where g is the specific energy required to force the phase transition, Oap.ap iS the energy required
to vaporize the AP at the surface assuming 70% sublimation and 30% degradation, and ¢ is the
energy of exothermic reactions in the thin melt layer™.

Now the only remaining unknown term is the derivative that defines conduction into the
surface. To obtain it, one can reasonably postulate an exponential temperature profile in three
regions in the flame.

One can postulate a profile above the oxidizer and below X; 4,

& X
T= Tf ap (Tf ap Ts,ap)expg_ n—-—

_ , (2.149)
g X "ap EI
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above the binder,
X 9
T=T,-(T -7, )exp‘?- n—7, (2.15)
8 Xi g
and between x; o, and x;,
X  x-x .
T=T,-(T, - T,,)exps-n— 1=~ (2.16)
g X¢ - Xf'apb

In the three profiles above, n is a constant that modifies the steepness of the profile. Use
n=2.5 because that will get the temperature to within 1/&*° of the maximum temperature
difference at the characteristic height. For example, at X = X5, Over the oxidizer, the temperature
is

T :Tf - (Tf ap Ts,ap) :-I-f w0

- 0082(T, - T.)- (2.17)
exp(2.5) ' '

Now it is possible to calculate the derivative term from the assumed profile as follows:

m - g T ) (2.18)

ﬂx x=0" Xf ap

Assuming that the integral term in Equation 2.12 is zero (steady-state), the solution for

oxidizer surface temperatureis

n
GoCrsanli t1 g T — + Gyl (2.19)
T —_ Xf,ap
sap n
GapCp.S.ap +1 gap
Xf,ap
7. Binder Surface Temperature

The expression for the surface temperature of the binder is almost exactly the same as the
one for the oxidizer. Start again with the binder energy balance. Polymer binders are obviously

not crystalline, and there is no phase transition until the surface, so the balance reduces to
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GbCp,s,bTi +l g,bE (2.20)
ﬂx x=0"
: T
+quv,b = GbCp,s,b sb + d s,bCp,s,b Hﬂx .
-y

Differentiate Equation 2.15 to get the derivative term and solve, again assuming that the

integral termin Equation 2.20 is zero. Thesolution for Tgy, is

G,Coonl 1Ty L G,d,, (2.21)
Xf
Ts,b = n
G.Cphep 1l g —
Xf
8. Pre-mixed Flame Temperature

One way to calculate the pre-mixed flame temperature is simply to define it as the
adiabatic flame temperature of sef-deflagrating ammonium perchlorate. Such an assumption
might not be realistic, however, because of the effects of the diffusion flame.

If the AP were burning without a separate fuel, then T;,, would clearly be the adiabatic
flame temperature. The addition of a fuel to the mix adds extra chemical energy, some of which
must flow back into the pre-mixed flame. Thus, an energy balance in the diffusion part of the gas
phase is necessary to calculate the pre-mixed flame temperature. The energy balance is, in fact,

very similar to Equations 2.12 and 2.20:

Tf+Ig£ +G g,y =G,C, T, .

e,

G,C (2.22)

p.g.p

The above equation does not contain an unsteady integral term. The gas phase is assumed to bea

quasi-steady, a reasonable assumption except under very high pressure transients.
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Again, using the assumed temperature profile in the diffusion flame to get the derivative

term and solve for T 4, the final expressionis

Tch o Mos l}-G (2.23)
fX=p~p.g.p u pds ’
_ 8 Xf Xf,apH
T nl
g.p
GpCp,g,p +
X, - X

Equation 2.23 leads to an important point — the gas phase does not move immediately to
steady-state, even though it is “quasi-steady”. It moves instead to a state that would be steady-
state for a particular value of G,. In other words, the total propellant mass flux is not quasi-
steady, so it “drags’ the gas phase with it. This point will become significant in the unsteady

portion of the modd.

C. Solution

The steady-state model developed in the previous section is a system of eight equations
that must be solved simultaneously. Equations 2.1, 2.2, 2.3, 2.4, 2.11, 2.19, 2.21, and 2.23
represent the system. Table 2.1 contains a list of the dependent variables and their relationships
to one another.

The model contains six “floating” parameters: K, Cq, Cy, Agirr, Ay, and Ag 4. Thefirst three
parameters define the turbulent onset (the shape of the curve in Figure 2.3), so they effectively
constitute one floating parameter. That is, the modd really has four floating parameters- Agisr, A,
Ag ap, and the shape of the turbulent mixing transition.

These floating parameters help to “calibrate’ the model. Because it is generally
impossible to find accurate values of the parameters from experiments, they are completey
adjustable. Increasing or decreasing the parameters can move the final result of the modd to a
reasonable approximation of the experimental data. See Table 2.2 for a list of all
physical/mechanical/chemical properties in the modd, including the deduced floating parameters.

Table 2.2 contains some properties, such as solid-phase thermal conductivity, that



Table 2.1: Dependent Variables in the Steady-State Moddl
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Function of Variable

Variable | Eq. #
Gp Gap Gy Xt ap X Tsap Tsp Tiap
Gp 2.3 P P
Gap 2.1 P
Go 2.2 P
Xf,ap 2.4 P P
X 2.11 P P P
Teap 2.19 P P P
Tsp 2.21 P P
Ttap 2.23 P P P
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Table 2.2: Physical Constants in the Mode

Constant Value Constant Value

Adir’ 11 Eep 3.43:10" J-mole™

Agap' 5.0-10" m K 2

Al 2.210% m M 0.0262 J-mole™K*

Asap 9.6:10° kg-m?s* ar* 2.07-10°%3.63-10° J-kg™

Ash 1.225.10° kg-m?Zs™ O 0 Jkg*

ci' 30 m* O -8.78:10* Jkg*

C,' 0.075 m v -2:10° Jkg*

Chp.cuap T-(1.717)+669.9 JkghK™* Qvapap 5.1.10° Jkg

Cogap 1254 J-kghK* T 1587-2993 K

Cpgb 2100 JkgtK* | gap T(7.2:10°)+6:10° W-m™*K™*
Cpgp* 1787-2870 Jkg'-K* | oo T-(4.33:10%-0.15 W-m™K"
Cporap T-(1.717)+586.2 JkghK™* | gp T-(1.08:10%)+0.0133 W-m™K™
Cpsi T-(3.559)+1047 J-kgtK* | sap T-(-3.854-10%+0.628 W-m™*K*
D, 7.585.10° m?s™ | sb T-(5.43:10°)+0.184 W-m™K*
Eg.ap 6.28:10* J.mole™ M ap 1950 kg-m*

E 1.26:10° J-mole™ Mo 920 kg-m*

Esap 9.6-10* J-mole™

Linearly interpolated from thermo-chemical-equilibrium calculations at various oxidizer mass
percentages.

" Floating parameter.
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are not necessary in the steady-state modd but do contribute to the nonsteady model. Also, some
of the propertiesin Table 2.2 are averages of various results reported in the literature.

There are of course, many different numerical techniques for solving the system of
equations. It is not a simple problem, due to the non-linearity of the equations and the wide range
of conditions under which they must be solved.

The next section contains some preliminary results from the steady-state model. Results
come from Mathcad 7.0.3 calculations over a wide range of pressures and initial temperatures.
Mathcad's numerical solution algorithm is a variation of the MINPACK public domain algorithm
published by the Argonne National Laboratory. The MINPACK algorithm is itsdf a version of
the L evenberg-Marquardt method™.

Appendix A contains the steady-state solution sheet.

D. Preliminary Steady-state Results

This section contains some general results of the steady-state model. For more explicit
results showing the effect of changes in specific variables, along with discussion of the physical
meaning of those results, see Chapter 1V.

1 Burning Rate vs. Pressure

Figure 2.4 isaplot of burning rate vs. pressure. All propdlants are 80% AP/ 20% HTPB
at an initial temperature of 298K. Experimental data were available for 5um and 90um oxidizer
particle diameters, so the modd is calibrated to those data. The experimental data come from
ultrasonic tests conducted at the Office Nationale d'Etudes et de Recherches Aérospatiales
(ONERA) in 1996 in Palaiseau, France. The extra trends at 50pm and 200pm are purely
theoretical predictions. Figures 2.5 and 2.6 show the data from Figure 2.4 in a different way.
They are plots that show the percentage difference between theoretical predictions and
experimental data for (90, 80/20, 298)* and (5, 80/20, 298) propellants respectively. The

theoretical predictions are a basdline for the difference calculations.

* If a propélant is (a, bic, d), then the oxidizer particle diameter is “a pm, the oxidizer/binder mass

fraction is“b/c’, and theinitial temperatureis“d” K.
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2. Initial Temperature Sensitivity

Figure 2.7 is a plot of predicted initial temperature sensitivity as a function of pressure.
The three traces are for 80%AP / 20%HTPB at three different particle diameters. Values of s,
come from applying Equation 1.5 to two separate simulations at 219K and 333K initial
temperature.

Theoretical initial temperature sensitivity predictions do agree generally with
experimental data. Practical AP/HTPB propelants occasionally exhibit higher sensitivities, but
mono-modal propellants are probably less sensitive than others. The general trend in composite
propellants is for propdlants with wide oxidizer particle diameter distributions to have higher
sensitivities”. Obviously, mono-modal propellants have the tightest distribution possible, so they
should have lower values of S,

3. Evolution of System Variables

The rest of the charts in this section represent system variables as functions of pressure
for (90, 80/20, 298) propelant. All data are theoretical, and in fact some of the following
variables would be nearly impossible to find experimentally.

Figure 2.8 isa plot of the relative mass fluxes in the system. The mass flux for AP grows
much higher than that of the binder at high pressures, even though total mass is conserved.
Dividing by the densities, one obtains Figure 2.9, a plot of the linear burning rates.

Figure 2.10 is a plot of the flame heights in the system. The total flame height, x;, is the
sum of the reaction flame height, %, and the diffusion flame height, x4. This plot will become
important in the following chapter, as quasi-steady flame heights and temperatures are necessary
for calculating reasonable response amplitudes.

Figure 2.11 is a plot of Tia, Tsap, @nd Tgp as functions of pressure. The surface
temperatures approach the flame temperatures as the pressure builds and the flame heights fall,
bringing more conductive energy into the propellant surface. The surface temperature of the AP
is afunction of X, and surface temperature of the binder is a function of x. The adiabatic flame

temperature is a constant 2309K for the 80/20 formulation.
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Finally, Figure 2.12 is a plot of oxidizer surface fraction as a function of pressure for a

(90, 80/20, 298) propellant, where the surface fraction comes from a mass balance,

GuwSw +Gy(1- Sp) =G, . (2.24)

Rearranging, the mass balance becomes

_G,-G,

. (2.25)
GAP - Gb

S
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Chapter 111

NONSTEADY-STATE COMBUSTION MODEL

A. Nonsteady Foundations
Equations 2.12 and 2.20 contain two integral terms that are zero under steady-state
conditions. Leaving them in the energy balances leads to two different expressions for the

surface temperatures of the oxidizer and binder:

n 0 i
GuCrow i Hl g Tim — +Culup = & sarCromp X (3.1)
X o -¥ qt
Tow = ,
' n
GapCp.S.ap +1 g.ap
Xf,ap
and
0
n \ 1T
GbCp.C.bTi +1 g.be —* quv,b - d S,bCp‘s‘b ——ax (3-2)
- Xy ¥ qt
Ts,b - n
GbCp,s,b +1 gb
X

f

The integral terms in the numerators represent the only difference between these two
equations and the previous expressions for surface temperature. In fact, the integral terms are the
only two nonsteady contributions in the mode.

Essentially, the two integral terms represent a “capacitance’ in the solid phase of the
propdlant. Solid materials store energy through their temperatures and specific heats, and, just as

in an dectrical capacitor, it takes time to discharge this stored energy. The heat dischargetimeis
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related to the thermal conductivity of the system, just as the discharge time of a capacitor in an
RC circuit is related to the total impedance.

The best way to solve the integrals is to go back to the transient heat conduction equation.
The following explanation considers ether the binder or the oxidizer as a homogeneous
propellant for now, though the temperature profiles in both must be solved simultaneously,
according to the eight variables in the model. At any given point x in the solid phase of a
homogeneous propelant with constant thermal properties, the heat conduction equation reduces

to

L (33)

Hence, if the temperature profile at any given time is known, it is then possible to calculate
T/t across the whole propellant.

In the modd presented in this paper, however, the propelant is certainly not
homogeneous. There arein fact two temperature profiles in the system — one in the binder and
onein the oxidizer Hence, the model must incorporate two different versions of Equation 3.3 in
order to come to a solution. The equations are structurally identical, but they have different
thermo-physical constants and different burning rates.

To reiterate, the unsteady model is almost exactly the same as the steady-state modd,
except that Equations 2.12 and 2.20 have been replaced by Equations 3.1 and 3.2 respectively.
The trick hereis to calculate the integral terms that make the unsteady equations unique, using a

different version of Equation 3.3 for both the binder and the oxidizer.

B. Solution Method

Thereis no analytic solution for the two integral terms in Equations 3.1 and 3.2. To solve
the system of eight equations, one must numerically calculate the binder and oxidizer temperature
profiles at each time step.

From a conceptual standpoint, the easiest way to calculate temperature profiles is to use

the temperature profile from the previous time step in Equation 3.3 to get the YT/t at each x. The
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next temperature profile is the old profile, plus T/t multiplied by the length of the time step.
Explicit methods such as these have a very serious limitation in heat transfer problems. The time
step must be very small in order for the equations to converge®. Specifically,

(o
2a

Dt £ (34)

For example, consider a propellant with a thermal diffusivity of 1-107 m*s™. Say the
particle diameter is 100um, so that near the surface, the Dx should be at least as small as 0.05um.
The maximum time step sizeis

(O _ (5a0°f
22 20107

Dt £ =1.25x10 ®seconds (!). (3.5)

Considering that the response time of the system, as given by Equation 1.9, is on the
order of a few milliseconds, the Dt calculated above would require thousands of explicit solutions
for even a very short simulation. Computation time for an explicit method is therefore
prohibitively large, especially because the temperature profile must be calculated many times at
each time step in the course of finding a simultaneous solution to the eight nonlinear equations of
the modd. Clearly, a better method is necessary.

One common numerical technique for calculating transient temperature profiles is the
Crank-Nicolson method®. It has many variations, but the underlying idea is very simple. To
calculate a temperature profile at time t;,;, use an average of the temperature profile at t; and tj.; in
all of the 1/fx terms. The temperature profile at t;.; is unknown, so one must solve for the whole
profile at once. This type of solution is known as an implicit solution, and it is stable even for
largetime steps. Of course, smaller time steps do lead to better numerical accuracy.

The best way to ducidate the idea is to show a sample case. Consider, for example, the
AP and binder temperature profiles known at n points in the solid phase of the propellant at time
t. Thetask is to calculate the new temperature profiles, given the old profiles and new surface
temperatures at time tj;;. Figures 3.1 and 3.2 are representative steady-state temperature profiles
in the binder and AP for a (90, 80/20, 298) propd lant.
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First, note that the x-spacing in the calculated profile is not constant. (The circles and

lines represent calculation points) The reason for the non-constant spacing is that the
temperature, as shown in Equation 1.12, grows exponentially near the surface. An x-spacing that
becomes exponentially smaller near the surface is therefore preferable because it has a fine
resolution near the surface where it is needed and a coarse resolution deep inside the propellant
where the temperature changes slowly with distance. For the present modd, the equation

describing the x-spacing is
X, = X > &P[(i +1- n)on, |- e >@¥p[(L- N)on, ] (3.6)
The following derivation considers just one generic profile for now, though the mode

contains two solid-phase calculations. Denoting, Tij+1 as the new temperature and T;; as the

previous temperature at some x;, the discrete mathematical environment looks like Figure 3.3.

i+1,j+1 i,j+l i1, j+1

Time

Distance

>

1] i j L

Figure 3.3: Discrete Computational Grid
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Equation 3.3 now becomes a discrete algebraic problem. The derivatives come from an

average between timetj,; and timet;. In finite-difference form, the derivatives are

T 1

o »_(Ti,j+1' Ti,j)’

fthe, Dt

E » qu-i-l,j - Ti+1,j %+E¢a—i-1,j+1 - Ti+1,j+1%,
L 28 X.17 X g 28 X1 Xu @

and
& L~ Ti‘j T'J Ti"l'J 9 (?Ti-lﬁl - Ti.j+1 ) Ti,j+1 - Ti+1,j+19
ﬂzT 1(; Xi-l - Xi Xi - Xi+1 - 1(; Xi-l _ Xi Xi _ Xi+1 -
» —(; _+_(:, N
™% L 2¢ K K + 2¢ X1~ X N

& 2 o & 2

%)

(3.7)

(3.9)

(3.9)

Let dx = X1 — X+1. Substituting Equations 3.7 - 3.9 into Equation 3.3 and placing all the j+1

(unknown) terms on one side, thefinal formis

e - 0
Ti-l,j+1g 2 rJ+1 :
gdxi ><(Xi-l - Xi) 2>dxi o

&1 a a @9
TnS—+ + T+
8 Xi1- X X - Xi+1ﬁ
8? Mia ) a 9 - -I-I_J_ r_Jéq-llj - T 2+
i+1,j+1 - =
8 2>dxi Xi-Xug Dt 28 X1~ Xu @
a éq-i-l,j - Ti,j ) -I-IJ - Ti+1,j 9
Xi1- X|+18 X1~ X Xi - Xy ﬂ

Replacing the coefficients with constants, Equation 3.10 reduces to

Ti-l,j+1A +Ti,j+1Bi +T, G =V

i+1,j+1™i it

(3.10)

(3.12)
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Boundary conditions dictate that Vo=Ts, Ac=An1=1, and V,,,=T;. To simplify the equation

further, define a new matrix, M, by

éB, 0 0 O 0u
& B c 0 o U (3.12)
éA1 1 1 U
€0 A, B, C, 00
M=a Q.
0 0 A B 0 ¢
é: i : i . g
e u
80 0 0 0 0 B.j

The new temperature profile, as a function of the previous temperature profile and new

surface temperature, is therefore the solution of the matrix equation,

MT = V. (3.13)

Because M s a tri-diagonal matrix, a large number of very efficient and quick algorithms for

solving Equation 3.13 are available®.

C. Solution Criteria

Now, finally, there exists a nonsteady, nonlinear model. It consists of Equations 2.1, 2.2,
23,24, 211, 223, 3.1, and 3.2, al solved simultaneously. Moreover Equations 3.1, and 3.2
depend on simultaneous temperature profile solutions, determined from different versions of
Equation 3.13. Table 3.3 contains a list of the dependent variables, with their equation numbers
and dependencies.

The only remaining questions from a computational standpoint are how to apply the
model to a given input and how to maintain stability in a time-dependent solution. Here, the

characteristic responsetimeis a critical parameter. Its definition, from Chapter 1, is

=2 (1.9)



Table 3.3: Dependent Variables in Nonsteady Mode
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Function of Variable
Variable | Eq. #
Gp Gap Gb Xf,ap Xt Ts,ap Ts,b Tf,ap
Gp 2.3 P P
Gap 2.1 P
Gb 2.2 P
Xf,ap 2.4 P P
Xt 2.11 P P P
Ts.ap 31 P P P P
Tsp 3.2 P P P
Ttap 2.23 P P P
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The system obviously has two characteristic response times: one in the AP and one in the
binder. Denote t .« as the larger of the two and t i, as the smaller. The smallest possible time
step, therefore, should be the smallest characteristic response time divided into sufficiently small
increments.  “Sufficiently small” in this case might mean at least 59 increments per response
time, i.e,

Dt g Lmn (3.14)

59

In practice, however, numerical stability requirements are more restrictive, so the above
criterion rarely dominates. Characteristic response times are on the order of a few milliseconds,
yet the simulation usually requires a Dt of around 10™ seconds to maintain stability.

Different types of simulations, too, require different step sizes. In a simulation of a step-
or exponentially increasing pressure function, the lower of 10 or t /59 would certainly suffice.
Harmonic pressure oscillations at high frequency, however, might require a smaller step size in
order to obtain the appropriate number of increments per pressure oscillation.

For a simulation of a harmonic pressure input of frequency w, the time step should be the

minimum of 10° s, 1/(w-59), and t ;n/59. In other words, the criterion is

. 0
Dt =m|ngﬂ,10'5,ii

: (3.15)
59 W59 &

Just as t in governs the step size, t . governs the length of the simulation. Under a step-
or exponentially-increasing pressure, the transient behavior is the region of interest. Thus, the
simulation should run until the transient behavior dies down, usually at three or four times t x.

In oscillatory burning, however, the region of interest is after the response has devel oped
a condition of dynamic equilibrium. Again considering a harmonic pressure input of frequency
w, run the simulation to either 10*t . Or 10 pressure oscillations, whichever islonger.

Figure 3.4 is an example of a step pressure input from 10 bar to 20 bar. Figure 3.5isan
example of an oscillatory pressure at 2000 Hz, 10 bar mean and 20% oscillation amplitude. The
time scale for both figures is t/t nax With (90, 80/20, 298) propellant. Both figures incorporate the

“curve-fit” method of flame feedback, discussed in the following section.
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The nonsteady model resides as a Mathcad 7.0.3 file, with some of the more
computationally intensive routines written in Microsoft Visual C*™*. The nonsteady Mathcad

solution sheet isin Appendix B.

D. Solution Issues

Completely nonlinear nonsteady models present a set of challenges to the programmer
that test the limits of both computational accuracy and theoretical validity. Several notable
difficulties have appeared during the course of the current study.

1 Issue One: Burning Rate  Dragging” of the Gas Phase

Perhaps the most troubling issue is the apparent over-influence of burning rate on the gas
phase. In Equations 2.4, 2.11, and 2.23, the flame heights and flame temperatures are linearly
related to the mass fluxes and quadratically related to the pressure.

Even a linear dependence on burning rate, however, seems to override much of the
nonsteady behavior of the propdlant system. Figure 3.6 is a simplified sketch of the feedback
from the flame into the propelant surface. Both the heat flux into the solid phase and the heat
flux out of the gas phase are functions of burning rates in the current model. Each functional
dependency acts like a form of damping, which tends to drag the modd, shifting the response into
shorter times with smaller amplitudes.

Some modelers have completely disregarded the dependency of O and g.sp ON burning
rate®*® while others have included it in a simplified form?®. Many researchers have investigated
the effect of flame modeling on transient response, but to the author’s knowledge, no one has yet
investigated multiple-flame, BDP-type flame structures in nonlinear, nonsteady regimes. The

over-dependence observed hereis not encouraging.
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All is not lost, however, as it is dtill possible to obtain response results that compare
favorably to those of other models. The method is simple; it involves eiminating some of the
dependencies shown in Figure 3.6 to minimize the damping in the system. Specifically, the
following algorithm will diminate the gas phase dragging:
= Run a steady-state simulation.

» Fit the output of X;, X, X;ap, @Nd T 4, &s functions of pressure.
= Substitute these curve-fits into the nonsteady model in place of Equations 2.4, 2.11, and 2.23.

The above procedure effectively decouples the gas phase from the burning rate
Although this may not be an ideal simplification, it will produce results until a better method
comes along. Figure3.7 isaplot of various methods of calculating response of a (90, 80/20, 298)
propdlant to a step pressure input from 10 bar to 20 bar. “Full calculation” means that the
quantity depends on burning rate through the proper equation , and “curve-fit” means that the
quantity comes from a curve-fit of the steady-state data as a function of pressure only.

Figure 3.8 shows the same effect as Figure 3.7 in a frequency-response plot. The
propelant is (90, 80/20, 298) subjected to harmonic pressure oscillations at a mean of 10 bar,
with 20% oscillation magnitude. All curves come from a “peak-average’ calculation method, as
discussed in the following section.

The figures indicate that the equations for Tis, and Xio, are the most significant
contributions to damping in the system. This result matches expectations because Trap and X ap
define the heat feedback to the AP, which is approximately 80% of the system. The large
difference between the full gas phase calculation and the curve-fit gas phase calculation in Figure
3.7 and Figure 3.8 is interesting. Clearly, the burning rate dependence adds significant damping
to the system.

All simulations for the remainder of the paper will use a curve-fit gas phase, unless stated

otherwise. To reiterate, thisis not a perfect assumption, but it gets results.
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2. Issue Two: Response Function Definition

The pressure-coupled response function, as previously mentioned, is the ratio of a
percentage change in burning rate to the percentage change in pressure. From Chapter I, the
pressure-coupled frequency response is
R, = ﬁ = i{ . (1.4)

P¢P PGP

The difficulty comes in the definition of r and r”. Linear models do not have a problem.
The output of a linear model, based on a harmonic input, is harmonic itsef around the mean
steady-state solution. Thus, r and r” are well-defined and the definition in Equation 1.4 is
unambiguous.

In nonlinear models, the output due to a harmonic forcing function is not itself harmonic,
the “mean” is not necessarily the steady-state solution at the mean of the forcing function, and the
peaks of the output are not symmetric about the arithmetic mean. Fortunately, in most cases the
output is periodic with a frequency equal to that of the driving function. Such periodicity does
not diminate the ambiguous nature of Equation 1.4, but it does allow for an answer.

For example, Figure 3.9 is a plot of the final oscillation of G, in response to a 125 Hz
harmonic driving pressure with a mean of 10 bar and 20% oscillation magnitude. The propellant
is (90, 80/20, 298), and the simulation has run to ten times the maximum characteristic response
time.

The*" steady-state’ lineis simply the solution at P = [2 (10 bar). The* arithmetic mean” is
the average of all the pointsin the curve, and the “ peak-average’ is the sum of the top and bottom
peaks divided by two. All three of these methods are candidates for calculating the r in Equation
14.
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Although difficult to see in Figure 3.9, the arithmetic mean does not exactly equal the

peak average. Thus, there are at least five different ways to calculate R» from the Figure 3.9:

1) r = arithmetic mean; r" = - T. 4) T = steady-stateat P ;1" = - T .

2) T =arithmeticmean; r’ = 1 - ryn. 5) T = steady-stateat P = T - Inin
3) T =(rmin + rmax)/2; 1’ = éither .

Method 3 is the recommended method because it usually returns an answer that is
between the extremes of the four other methods and because it returns only one value of R- for a
given 7. Figure 3.10 isaplot of Rp vs. frequency for al five of the calculation methods. The
two lines plotted against the secondary abscissa show the percentage difference between r and
the mean burning rate, using the mean burning rate as a basdine. The methods differ the most at
low frequency, and the percentage difference between the means is largest below 100Hz. Figure
3.10 represents a (90, 80/20, 298) propdlant excited by a pressure oscillation of 20% about a

mean of 10 bar.
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E. Preliminary Nonsteady Results

The following pages contain Re vs. frequency plots that illustrate the effect of various
parameters on the system.

Figure 3.11 is a frequency response plot for 80% AP, 20% HTPB propdlants at 298K
initial temperature. Thedriving pressurein all cases is a harmonic function with a mean at 10 bar
and 20% pressure oscillations.

Figure 3.12 is a frequency response plot for a (50, 80/20, 298) propdlant. The driving
pressure in all cases is a harmonic function with 20% oscillation magnitude, but the mean
pressure ranges from 10 bar to 100 bar.

Figure 3.13 is a frequency response plot for a (50, 80/20, 298) propdlant. The driving
pressure in al cases is a harmonic function with a 10 bar mean pressure, but the oscillation
magnitude ranges from 5% to 30%.

Figure 3.14 is a frequency response plot for a 50pum AP particle diameter propelant at
298K initial temperature, while the AP mass percentage ranges from 73% to 87%. The driving

pressurein all cases is aharmonic function with a mean at 10 bar and 20% oscillation magnitude.
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Chapter 1V

RESULTSAND DISCUSSION

A. Steady-state

To a motor designer, the most important conditions of the steady-state moddl are the
effect of AP particle diameter, the effect of AP mass percentage, and the initial temperature
sensitivity. In addition, the theoretical turbulence modding developed in this thesis has added
some complexity which deserves consideration. The following sections are a discussion of some
of the trends and relationships in these four areas.

1 Effect of Particle Diameter

The AP particle diameter size affects the modd through the size of the diffusion flame.
The surface of a burning solid propelant is analogous to an array of Bunsen burners, where the
AP particle diameter controls the size of the burner nozzle. The diffusion flame then causes two
effects, both of which slow down the overall propdlant burning rate.

First, large diffusion flames pull the total flame height high above the surface. Thus, X is
larger in Equation 2.15, and the heat flux into the binder surfaceis smaller.

Second, the diffusion flame indirectly lowers the heat flux into the AP by changing the
pre-mixed flame temperature. When x; is large, the AP flame temperature drops according to
Equation 2.23. The heat flux into the AP surface falls because even though ., Stays relatively
small, the temperature at that point drops significantly.

Figure 4.1 is a plot of diffusion flame height and AP flame temperature for (5, 80/20,
298), (50, 80720, 298), (90, 80/20, 298), and (200, 80/20, 298) propdlants across a wide pressure
range. Notice how the smallest-diameter (5um) propelant has almost no diffusion flame.

Conseguently, it has the highest AP flame temperature. (Seealso Figure 2.4.)
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2. Effect of Turbulence

The diffusion flame height depends heavily on turbulent mixing at high pressures. The
“humps’ in Figure 4.1 would have a constant, upward slope if not for the turbulent mixing that
kicks in with alow reaction flame height.

This should sound alarm bells in the alert reader’s ear. It is possible that the modd is
“faking out” nature by employing unrealistically low flame heights to make up for deficienciesin
other areas. For example, radiation might play an important role in the burning rate, especially at
high pressure as the flame heights get lower.

One should remember, though, that the flame heights are really characteristic flame
heights. They do not represent the actual bright zone of gas that is visible over a strand of
burning propellant. They represent the point at which the temperature is the following (over
either binder or AP):

(Tf B Ts) _

T(Xf):Tf' n
€

(4.1)

Therefore, no one can say exactly how small the “flame heights” should be in an actual
burning propellant. Moreover, the purpose of the modd is to study nonsteady heterogeneous
effects, so the gas phase is not as important as the solid phase, where most of the thermal lag
resides. Aslong as the gas model provides a reasonable heat-feedback relation, it is doing its job
splendidly.

Figure 4.2 contains two plots. The bottom portion is a plot of burning rate vs. pressure
for (90, 80/20, 298) and (5, 80/20, 298) propdlants, compared to experimental data. The dotted
lines represent the theoretical calculations without turbulence. The top portion is a plot of total
flame height for the same cases. The diffusion flame in the plot continues to get higher with
pressure when turbulence is neglected. This causes an underestimation of burning rate at high

pressures.
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3. Effect of AP Mass Percentage

Whereas most of the other parameters change the physics of the system, the AP mass
percentage affects the chemistry of the system. The parameters ¢, T; and C,4 al come from
linear, single-variable interpolation of thermo-chemical-equilibrium calculations done at
ONERA, where the single variable is oxidizer mass percentage. In addition, the AP mass
percentage is a critical component of the total mass flux combination (Equation 2.3) and the total
solid propdlant density. Figure 4.3 is a plot of the flame temperature and diffusion flame heat
release for a propellant at 298K initial temperature.

Raising the AP mass percentage will obviously raise the burning rate, which is why
motor designers often try to get a,, as high as possible by using multi-modal propellants. Figure
4.4 shows the effect of AP mass percentage on the burning rate of a 50um propelant at 298K
initial temperature. Higher values of a,, seem to wash out the slowing effect of the diffusion
flame, which is why the curves in Figure 4.4 with higher values of a,, seem to have shallower

“dips’.
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4, Effect of Initial Temperature

Initial temperature takes two paths to affect the modd. The first, most obvious, path is
the T; term in Equation 2.19 and again in Equation 2.21. These two terms come from the heat
capacity times the difference between T; and T.. Intuitively, when something is cold, it takes
more energy to heat it than it does when the object is already warm.

The other path that T; takes to affect the modd is through the flame temperature. Simply
doing an energy balance at steady-state leads to

fref i

T =T, e ). 4.2)

Cp,g,p
Because T; is so far from the surface of both the binder and the AP, the effect of Equation
4.2 on the model is mild. It is a significant contribution, however, and the modd must account
for it. To seehow significant it is, note the correlation between Figure 4.1 and Figure 2.7. Asthe
diffusion flame gets higher, the contribution of T; to the burning process becomes smaller, and the
temperature sensitivity, which depends on T; though Equation 4.2, goes down. When x; falls

again at higher pressure, the temperature sensitivity goes back up.

B. Frequency Response

The following sections contain a discussion of the nonsteady model and the related,
dependent nature of its variables.

1. Effect of Mean Pressure

A rise in the mean pressure changes the nonsteady response in a very direct manner.
Higher pressures induce faster burning rates, which in turn shift the frequency response of a
propelant in a predictable pattern.

Equation 1.9 shows that the characteristic response time of a propelant is inversdy
proportional to the square of the burning rate. A propelant with a higher burning rate has a much
shorter characteristic response time, and thus the pressure-coupled frequency response peak is

shifted toward higher frequencies.
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Moreover, the temperature profiles in the binder and AP are much shorter in faster
burning propelants. The integral terms in Equations 3.1 and 3.2 are less significant, and the
response amplitude should correspondingly be smaller. Figure 4.5 is a plot of steady-state binder
and AP temperature profiles for a (50, 80/20, 298) propdlant at 10 bar and 100 bar pressure. The
profiles at 100 bar are clearly much steeper.

The mean pressure also contributes to the frequency response by changing the zero-
crossing of the response curve. This point represents the pressure exponent, which changes with
pressure. On alog-log plot of burning rate vs. pressure, the pressure exponent is the slope of the
burning rate curve (asin Figure 2.4).

In sum, an increasing pressure should shift the peak of the pressure coupled frequency
response curve to higher frequencies while simultaneously diminishing the amplitude of the curve
although the whole curve can shift up or down depending on the value of n at the particular
pressure. Figure 3.12 shows this predicted trend. The curve at 100 bar is higher than the curve at
50 bar because the pressure exponent is higher for a (50, 80/20, 298) propellant at 100 bar than at
50 bar. Figure 4.6 is a plot of the same data, where each curve is normalized by subtracting the
pressure exponent from Re.

2. Effect of AP Mass Percentage

The AP mass percentage also affects the frequency response through the burning rate and
pressure exponent. Higher burning rates lead to response peaks at higher frequency with lower
peak amplitude, while the pressure exponent shifts the entire curve either up or down. Figure 4.7
is a plot of the steady-state curves of a 50um AP particle diameter propelant at around 10 bars
and 298K initial temperature. It is essentially a blown-up version of Figure 4.4. Figure 4.8 isan

n-normalized plot of the data from Figure 3.14. The expected trends are evident.
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3. Effect of AP Particle Diameter

In the nonsteady-state, just as in the steady-state, the AP particle diameter changes the
system mostly through the diffusion flame. Larger AP particle diameters induce lower AP flame
temperatures and higher overall flame heights.

Composite propdlants with small AP particles typically burn faster than their
counterparts with larger AP particles. Asin the previous two sections, Equation 1.9 indicates that
the characteristic response time is lower. The response peak should therefore occur at higher
frequencies with a smaller amplitude.

Oddly enough, Figure 3.11 does not show such a trend. The frequencies are certainly
higher for smaller AP particle diameters, but the amplitudes actually increase! The pressure
exponent for the 5pum propdlant is high compared to the others, but this does not explain the very
large peak. Figure4.9isan n-normalized version of Figure 3.11.

4, Path of Burning Rate Dependence

The previous three sections lead to some interesting hypotheses about the nature of gas-
phase “dragging” done by the burning rate. Faster burning propellants have lower response
amplitudes than slower burning propellants, as long as the AP particle diameters are equal. In
contrast, a propdlant with a smaller AP particle diameter will almost certainly have a higher
response amplitude, even though it burns faster. All the evidence points toward one culprit for
the gas-phase dragging: the diffusion flame.

As the AP particle diameter gets smaller, the combustion modd tends to resemble a
homogeneous propellant. The diffusion flame, specifically, becomes very small, and the pre-
mixed flame temperature becomes larger, almost matching the adiabatic flame temperature.
Figure 4.1 shows the effect quite clearly.

Because the response amplitude is higher in smaller AP particle diameter propellants, one
would expect the dragging effects to be less significant. Unfortunately, this does not seem to be
the case. Figure 4.10 shows that the dragging is just as significant in a (5, 80/20, 298) propd lant
asitisina (90, 80/20, 298) or (50, 80/20, 298) propdlant. The path through which the gas phase

affects the frequency responseis therefore not a simple, linear relationship.
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Another possible explanation for the trend of higher response amplitude with lower AP
particle diameter is that propelants with large exponents will show high response peaks, even if
the shift is factored out. That is, the pressure exponent amplifies the peak in addition to shifting
it.

Consider, for example, a pressure region where the pressure exponent is not necessarily
larger with decreasing AP particle diameter. Figure 4.11 is a plot of steady-state burning rate
curves for various AP particle diameters of an 80%AP / 20%HTPB propdlant at 298K initial
temperature around 100 bar pressure. The 200um propellant has the highest pressure exponent,
followed by the 5um, 90pum, and 50um propellants in descending order.

Figure 4.12 shows the response calculated with a mean pressure of 100 bar and an
oscillation magnitude of 20%. The 5um curve still has the highest peak, followed by the 200 pm,
90um, and 50um propdlants. Figure 4.13 is an n-normalized version.

In Figure 4.13, the peak amplitude is definitely higher for the 5um propelant, even
though its pressure exponent is lower than that of the 200um propellant. The general trend is
lower response with smaller AP particle diameter, except in the case of the 5um propelant. The
pressure exponent may cause a slight amplification in addition to the shift, but it is not enough to
cause the 200pm propelant to mimic the very high response amplitude of the 5um propellant.
Thus, the diffusion flame remains as a likely culprit in diminishing response amplitude, while the
pressure exponent mostly shifts the R curve up or down.

Thereis, as yet, no direct evidence of exactly how the diffusion flame or any other aspect
of the gas phase influences response amplitude. Neither the pre-mixed flame temperature nor the
total flame height alone can account for the problem, as Figures 3.7 and 3.8 illustrate.

One conclusion remains clear —the over-simplified notion of a pressure-dependent-only
gas phase is physically unrealistic. Future research in this area must ether “fix” the gas phase
mode or develop a phenomenological explanation of why multiple-flame models resembling the

onein this thesis are fundamentally incapable of predicting adequate response amplitudes.
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5. Effect of Oscillation Amplitude

Nonlinear effects should show up most profoundly through the oscillation magnitude. In
a linear system, the response to a harmonic input is itself harmonic, so the oscillation magnitude
is completely irrdevant. In nonlinear systems, however, the response becomes “less harmonic”
as the input magnitude goes up. Thus, one should see a definite trend of some sort as the driving
pressure magnitude goes from 5% to 30%.

Figure 3.13 does not show much of atrend at all. There may be a simple explanation for
its absence; the peak-average method of calculating Re could be minimizing the nonlinear effects.

Again, the basic problem is that the definition of R is inherently linear, so any Re taken
from a nonlinear simulation will be somewhat contrived and arbitrary. The effect of oscillation
amplitude could differ greatly, depending on the calculation method. For example, Figures 4.14
and 4.15 are plots of Re vs. frequency for various oscillation magnitudes. The curves in Figure
4.14 come from method 4, where r is the steady-state burning rate and r” is the maximum positive
change in burning rate over the course of one oscillation. The curves in Figure 4.15 come from
method 5, where T is also the steady-state burning rate, but r” is the maximum negative change in
burning rate. They both show a reatively high dependence on oscillation magnitude compared to
Figure 3.13. Oddly enough, the trends in Figures 4.14 and 4.15 are reversed. In Figure 4.14,

increasing oscillation magnitude diminishes the response peak. In Figure 4.15, it is the opposite.
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Chapter V

SUMMARY AND CONCLUSIONS

A. Steady-state

In general, the steady-state predictions seem to match the available experimental data
very well. Figures 2.5 and 2.6 show that the theoretical predictions are usually within 10% of
experimental measurements done at ONERA on a class of mono-modal propellants. Temperature
sensitivity data are sparse and not very accurate anyway, so it would be difficult to compare
Figure 2.7 to any real propdlants. Work is ongoing in this area.

There is a problem, however, in comparing theoretical predictions to experimental data.
The chemical properties of HTPB can vary widely, depending on the manufacturer, curative, cure
cycle, etc. The molecular weight, for example, can vary from under 1200 gnvmol to over 5500
gnvmol®.  There is no guarantee that the properties of HTPB used here, which are based on
French HTPB, will correspond to HTPB manufactured in the U.S. or anywhere else. The model
might require completely different valuesin Table 2.2, given a different type of binder.

Regardless of these issues, the steady-state part of the mode certainly does seem to
return excellent results. Although the modd may still be mimicking nature with unrealistic
parameters rather than solid theoretical reasoning, it seems at least to pass all the obvious checks.
As the model makes more steady-state predictions that seem reasonable, it gains credibility. Only
further experimentation and validation will tell.

In summary, some of the most important conclusions from the steady-state model are as
follows:

Propdlants with smaller AP particle diameters typically burn faster. This is probably due to

the lessening effect of the diffusion flame.
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Higher AP mass percentages induce faster burning rates as well.
Predicted temperature sensitivity, Sp, is on the order of 0.002 K™ a reasonable value for
AP/HTPB, mono-modal composites.
The mode predicts that propellants with larger AP particle diameters will have higher values

of sp at lower pressure, but the effect is not pronounced.

Nonsteady-State

The nonsteady regime, in contrast to the steady state, is less encouraging. By far, the

most troubling aspect of the nonsteady mode is the apparent over-dependence of flame heat

feedback on the burning rates. Although the assumption of a solely pressure-dependent gas phase

will produce results, this is an unsatisfactory approximation. Modes are supposed to grow more

accurate with fewer assumptions, not less accurate, and it does seem odd that a more realistic

mode! leads to less redlistic results. Some of the most important conclusions from the nonsteady

moded results are as follows:

C.

Faster burning propellants typically have a pressure-coupled frequency-response peak at
higher frequencies of pressure oscillations. Also, their frequency-response peaks are of lower
amplitude.

The pressure exponent of the propellant tends to shift the Re curve up or down.

One exception to the above rules is that propelants with extremely fine AP particle diameters
tend to demonstrate a high frequency response. The diffusion flame, or lack thereof, may be
responsible for this observed effect.

Pressure oscillation amplitude has very little effect on frequency response. Re has an

ambiguous definition in nonlinear models, however, so this result may not be too meaningful.

Recommendations

The next few paragraphs are recommendations for future work and study in the area of

compoasite propellant combustion modeling.

First, it should be possible to ether “fix” the nonsteady model so that it returns higher

response amplitudes with full calculation or develop a phenomenological explanation of why
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BDP-type modeds such as these are fundamentally unable to predict reasonable response
amplitudes.

Second, future models should include the effect of additives, such as the ubiquitous
aluminum. Many researchers have been working on the “auminum problem” for some time, so
thisis not going to be an easy feat.

Third, the modd should eventually include the effect of multi-modal propellants. Mono-
modal propellants are rare in practical motors because of the limited AP mass percentage, o if
theoretical models such as the one in this thesis are to exhibit any practical use, they must
eventually describe propellants with multiple oxidizer particle diameters.

Fourth, as a philosophical recommendation, researchers should continue to do theoretical
modeling because it is a worthy scientific endeavor. Experimental research is an excellent way to
catalogue observed physical phenomena and indeed is absolutely essential for scientific progress.
Theory, however, contributes to the understanding of physical phenomena, as opposed to the

classification of it. This alone makes theory valuable, even if it has no immediate application.
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APPENDIX A
Steady-State M odel

The following pages are a direct copy from a Mathcad 7.0.3 sheet. This Appendix

contains a version of the steady-state model, shown immediately after a sample calculation.

The sheet is a solution of the system of simultaneous equations that comprise a model of steady-state, composite
solid propellant burning. Sheet written by Bryan Rasmussen. bryanras@mae. uah.edu
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Energy required to vaparize AP is the energy required to force a crystalline phase transition in AP, plus the energy to
turn it into a gas. MNepative indicates endotharmic. The O, is a median estimate based on 70% degradation, and
30% sublimation.

. . 3 . _ 5
oy =-ET7E0 G yap = 5110 Gvap = Gtr+ Gvap Doy ap = 422210
Energy required to gassify HTPE: 9yt =-2.10° Gas constant: R =8314
Define the solid-phase specific heats. T, =313
Copa =LFT O =58615 Copa =LAT  C oy =660 Cha =3550 Oy =1047
Cp.m(T:' =CoraT+C arb Cp.cu(T) =CruaT+C Cp.s.b(T:I “ChaT+Cup
CpoaplD ::if{T <T 4.0 p ol T0LC p_w('r)}
Reference temperature for constant
. _ _ thermal properties:
Define the gas phase specific heats. Cp_g_ap = 1254 C p.gb :=2100
T ,,p =500

Give the thermal conductivity of the gaseous AP, HTFE, and total propellant. This comes from TEP calculations.

o -4 - . -5 g3 . -4 __
M gpa L0810 Mopy =003 g, =7210 Mg apty =610 N gha 43310 Mgy =015
. gplT) = A gpalt A gpb A gaplT) = A gapa T+ A zaph A gulTr = A ghal+ A ghh
Solid-phase density: P ap =190 £y =920

Pyrolysis parameters for AP come from an average of the ONERA paper and the ariginal BDP paper. Pyrolysis
parameters for HTPE come from an average of various values in the literature, mostly Chen & Brill.

31,3 3 4
_ 5 o 4 A = A0 A0 A =1.225+10 E =343-10
A s.ap =95.10 Es.ap ==59.10 zh b zh b

Far the reaction flame heights (of AP and of the entire propellant) we have the following parameters:

E g ap '=62800 E , = 125600



WWe need an exponential factor to determine how fast the temperature climbs above the surface. In the original
OMERA paper, the assumed factor was 1, but | don't think that's realistic.  Call this factor #, just to be an effete snob
about it. Moreower, let vy, be a factor between the surface of binder and x = = let Vap be a factor between the surface
of the oxidizer and the ap flame standoff (x, ), and let &, ,, be the factor from x, to 1= =

vy, =25 o ap =145 v fap =45

The diffusion constant below corresponds to 0.16crm2/sec at room ternperature and pressure, with the diffusion
relationship is as published in the original BOP paper and the ONERA report. Assume that the molecular weight of the
cambustion products is relatively constant.

Dy =7.585107 M :=0.0262
15t
Tt

The published relationship is D di.Ff::DD'T

5et the density and specific heat of the propellant (at T=T,). This may be a measured quantity, or it could be based
on walumetric fractions.
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From the mass fraction of ammonium perchlorate, figure out the flame properties. The following is just an interpolation to
a thermoequilibrium code. This assumes that the values g, Ty, and C  are functions of percentage of AP only.
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= + 3 = + 3 = + i = + 3 = + 3
Cpayp = 144810 Cyop 2091107 qp=301410 pp = 159310 T §=2309+10

Define an equation for the characteristic diameter of an AP crystal. D ap{D ap*Gap*Gp} :

Define the equation for reaction flame height to make things simpler.

xr{GP,P} =P

TOL=110"°

Solve the equations: GIVEN

Algebraic solution of general mass flow rate given the individual mass flow rates of the
components:




Total Flame Height:
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The final three equations are energy balances.
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In the oxidizer:
hgap{l s.op) Teap?
1t

ap
Gap'c p.s.ap{T ref} Ti+ +0

ap Dvap
Hfap

T sap

A g.ap{T s.ap} i ap

Gap'cp.s.ap{T ref} + r:

Efap

Ahove the oxidizer, above Kap!

¥fap h 2P {T f'.ap}

{X £ xf.ap) -10'6

T f'.ap=T £~

CpCpgpt

And we solve as a function of four different variables.

steady{P,Gp,G ap’Gthffo.ap’T s.hJT s.ap’T f'.ap} Z=ﬁnd(Gp,G apJGthffo.ap’T s.hJT s.ap’T f'.ap}




solve it over the entire range of pressures. Use the programming loop for errar returns,

sol = | for j=0.7
T
SDljj,IJ'_ {guesses }jj+2
for jj= 1. rows(FE)
Dneml<jj> steady (PP 20, g0l 20 a0 2ol 20l zol 20
- y( -1 lﬂ.J'J'—l’ Li-1 lﬁ..iJ'—l‘ ]3.J'J'—1’ LI S T | Eol R T R lT.J'.i—l}

sol— submatrisy sal, 0, rows(sol) - 1,1, cols(sal) - le

teturn sol

sol— submatend sol, 0, rows(sol) - 1,1, cols(sol) - 1)T

Fill in the blanks. If the solution failed at some paint, then the number of rows in
PP will be larger than the number of rows in sal. il :=0.. rows(sol) — 1
kk:=0.7
{1 s-:-l<|J>
ansy g :=PP].i ars = -1000 ansy g, :=xr(snlﬁID,PPﬁ)
fp
M ez = 50 g

Make a bunch O' plats.

tvs P
l‘llJ3
A
LT
L&
100 i
i o
; il
: . <
& M
1n
il mﬁ—
o
1
1 10 100 1'1l:l3
Presaure (Bar)
— Current
—  Previous
¢ 5 pm Exp.

#FEFE S0 pm Exp.



Mlass Fhax (kgm™-2-5"-11

Temperabare (F)

1600

1400

1200

1000

200

uli]

400

1+10

100

10

0.1

— -~ 1.
t .
i ;:f“’é
- — ?
-
| —
E 1]
- =T ]
L
|-
.u-’"'ﬁf
L1
1 10 100 1410
Presome (Bar)
— Tsh
—  Tsap
P
A
e
- .,.-'-"'"'f
LT -:,.Ff""# A
=
== —_—
= E
[
-~
]
1 10 100 1410
Presome (Bar)

100



T (mIms))

3 (m)

100
F.
rd
g
=
10 =T
-1 i i~ =
L—"1
= i
E __-:__""--""F
#
L -
P 2l
1

0.1

1 10 100 1+10

Precome (Bar)
— Propellant
— - Binder
200 'll
150

—

e Hiff
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Plat out the mass fractions. v _-D P

1 10 100 1+1IZI3

Pracame (Bar)
— 3ap (current)
Sap (Previous)

Put it all out to the file "steadout txt". .
€N hsteadout txd

Put out all the material properties to a file for use by the "nonstead. med" file,

Cp.s.p Cp.g.p qf -Dp Ty . ap
H+h Hir 4 +rap ¢ p.gap c pgh Pap
1 As.ap Es.ap fgp Egp Eg.ap

patams = E, [ b'ap yf'.ap Dy I

A gha h ghh h Zap.a A zaph A gp.a h gph =
“ba “wb “ea Soub Yora “ork L\ Iparams bd
Ty  Tier n 0 n n

L paratis



APPENDIX B

Nonsteady-State M odel

The following pages are a direct copy from a Mathcad 7.0.3 sheet. This Appendix

contains a version of the nonsteady-state model, shown immediately after a sample calculation.

God, | hope this waorks, Bryan Rasmussen- bryan@rasmussen. org

Get the steady-state data. steadat = )
TOL=110"%
o steadout. txt

Enter the mean pressure: - 3 Get the defined properties (user-defined and floating params).
P yqy =10-10
defs = ]
Enter the oscillation magnitude (Fa): mag :=02Fy . o vdefined b

Parse the steady-state data to get the steady-state information. Use a cubic spline fit to the steady state data.

i :=0. cols(steadat) - 1 spliner, = cspline (steadat<0> s steadat<ﬁ>)

bar(F) = |bar, —F
for kke 1. colssteadat) - 1

ba.fm‘-— interp {spl.inerm‘, steadat<0 b , steadat% b s P}

bar
Fiiar L
Toar Thar 1+10° & 4 ¢ | Tog
O Oppar | | 45035866212 Doy Doy | | gugs
T.1753413841
Gap.ba.r Gap.ba.r T; T 208
o o B.3165457925
—4
bbar bbar 46320920524 Ay Ay 2210
“tpar | =bar(P ) ¥flar || 095753301407 & gpp | = defs A g 711
®f ap har £ ap bar 10.7144503237 k % 2
-4
T ot har T o bbar T30 6205491409 & £.ap & g.ap 5410
023 346094811 an
T s apbar T sapbar 3 ©1 ©
1.16T78467202+10 0.075
Tf.ap.bar Tf.ap.bar Cy C
24 630E5I2TA
*rhar *rhar
Gy e = 717534
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Get the propellant properties from what the steady-state prograrm put out. Gas constant: R :=8314

C C q 2 T q

params = p.sp TREPR f P f v.ap
; vy 9 “pgep Cpgp P

Ch \params bt ¥ veR REsp P8 w

i As.ap Es.ap figh Een Eg.ap

E, ¥y ¥ ap Yfap Dy M = patams
h gha A zhb A Zap.a A zaph A Zp.a A gpb
Cha Sbb Coua Coub Cora Corb

Ty Ty dummyl dummy? dummys  dummyd

Define the thermal properties:

) -5 ) -4
gyl .:T-(5.443-1E| ) +0.134 i s.ap(T) .:T-(-3.852-1|J } + 0628
Mg p{T o) 70211 Mg ap(T rof) =0.435 i
T ,.p =500
C;:n.nr.ap(T:| =CoraT+C orh Cp.cu.ap(T) =C s T+ myn Cp.s.b(T) = aT+Cyy

c p.s.ap(T) ::if{T<T I p.or.ap(T)JC p.cu.ap(T)}

oo plT) . g aplT) "
b 2 : 7
dy(T) = ——2 ~ dy(T .8 =2122-10 AT = ——F ~  d, (T, =154-10
PpCpsplT) P apC s ap(T)
Gas-phase: kA g.ap(T) =h g.ap_a-T +h gaph A g_b(Tj =h g.b.a'T + Zhb

NG DRSS NR, S S



105
izet the steady-state temperature profile in the binder and the AR

Define the points for integration. Split it up into "points” different points stretching from the surface to the AP particle
radius. Mareover, use a Ax that decreases exponentially near the surface.

Fun out the profile until the termperature is nearly T, deep = 1500107 v =012

[ii41—poiits]w -w L c(podts — 17
points=100 il =0 points - 1 w, = deepee H_ deepe
Generate the x-steps for uze in the integral.
- X = - X, o - .
Axu:f{” ! ji :=1. points — 2 By e _Bob T E4L PR kN ok
2 il 2 polrts — 2

Lay out the ternperature profile in the binder and AP and plat it.

{o2 b b 05 g )

Tprof =T 4+ (T 1o led Py Tprof =T 4 (T Tl w el
pro b.ba:(ﬁ" i+{ shhbar™ i}'e pro ap.ba.rﬁ" 1+{ s.ap bar 1}'B
lo0o T T
I
800 — |
4
4
i
il
v I
g i
o0 — 1 i
{1141
i b
: T
-~ .
) ] L
& 400 T
T ol ey T
00—
0 | | ] ]
- 100 -80 -0 40 -0 1]

% - Pogition (pim)

— Binder Temperature
—— AP Temeprature
Points



Get the time step size. et an approximate characteristic respanse time for the system.

dy (T ref} ? b2 d ap {T ref} ? ap2

T i = THLL 3
ftan 2 P T i = 1.135+10
G par O apbar .
2 2
) db{T ref) Py d ap {T ref'} £ ap
T =31 -3
max P P T max = 1410
By bar Gap.ba.r
207 -
At=8-10 At =210 il
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Enter some preliminary functions that we will use in the main "loop” of problerm solving. The idea is to reduce the systemn of eight

equations to a system of four equations through simple algebra.

. . o 10
Reaction flame height: xr{T cap T s.b*P} = (Er)
E-T o -
Pg'Ar . f ap N ap
(-Es.@) (- ESb
R'Ts.ap BT,y
A s.ap sh®
xr{T s.ap’T s.b’P} =intetp {sp]jnerm, steadat<0> , steadat<w> ,P}

AP mass flux:

Binder rmass flux: Gb{T s.b) =h e
Total mass flux: G T T = !
: p{ F.ape s.b} "~ o e
ap " ap
(_Es.m} {_ Es.b }
ET, o RT,y
£ 5.ap® sh®
_E 1
AP Flame height: (RT_*")
& s.ap’ i 6
*fap(P T s.ap'T fap) ::W'm
2 -R'Tf.ap)
oA g.ap'e

X fap (P, T 5.ap0 T f.ap) ‘=intetp {sp].i.nerﬁ, steadat<n > s ste:al:iat<ls ’ s P}



Characteristic diameter of an AP crystal.

This is a little routine for finding the solution of a tri-diagonal matrix systern. It is a modification of the example in Mumerical
Recipes. A is the "left diagonal”, B is the main diagonal, and C is the "right diagonal®.

miridiag & B, C,v) =

,13._ElD

W

Uy——
5

for kkel. points- 1

Ckl-;—l

5
BBy - g Yy,
T T T
5
for kke points — 2, points - 3.1

Ukl-;+1

—

ha

U

Ukk'_Ukk_ LI

u

Replaced by C function "tridiag". 1 Moy, 95



This is the program for calculating a new temperature profile, given the previous termperature profile, new surface
temperature, and mass flux. It uses the tridiag function to do the linear solution.

Mote: v= Solution vector

mnp(Tprof,T gLt o, d,ﬁt,mc} = |v=Ty
vpom o Tprofpojm 1
poirts - 1 | Cpomes — 1 {Cu‘_n}]

Epojm- 1™ {Bn‘_ 1}

for kke 1. points - 2

T
. prof,

Ht el

t

-(Tpmfkk_ - Tpra&k+1}

fip

2-delx (mckk l—mckk}-de]x
Bu«‘_Lin'( ! + ! )
Atodeln fxy, -y B - Wy
-t d
Koo dely {%_%H)-deh

tip— miriciagr A B, C, )

Replaced by functian "np" 11/11/93.

G (T oy part IS} Gypg

nphi phas) = mnp [Tprofh_har, T ;10 gy + PIIS,

npap( plug) =mnp [Tpmf ap bar T s.aphar T plus,

) ,dh{Tref},ﬁt,}{.‘(

2y fy

G ap {T saphart plus} G ap bar

I

pap pap

debieagy 1 -y 4
. qa (Tprof, - Tprof,  Tprof, - Tpru:ufm_'_l
W -

deb | oy -y, g, ~ g4

A ap

(T fﬁf} N x'i‘utJ nl




Algebraic solution of general mass flux given the individual mass fluxes of the components:

»

x f=i.nterp {sp]jnerj, steadeﬂ.<lJ , steada <57 , P]

Total flarne height:

D* fD T s T el '
xf=Gp{T s-ap,_[. s_b}' o ap( ap’ © s.ap s.b) S
| DoTeep 2| -
+ k-GP{T cap T S_b} D* g {D ap' T sap: T S_b}- atan{C 1 2} 1
tatan| ————— O
(xr(T gap | s.bJP} 1) :
rx (T s.ap'T s.be )
Binder surface temperature:
hew{Tan) Tevy
GpiTsp) Cpsn{Trer Ti+ BT +0,{Tap) dyp -
Xf"
+ W.m.{np{Tpmfbp,T s.b’@’rbp’db(’r ref},ﬂ.t,)cx - Tprofb_p}
b
Tsp=
EA T o
Cpon{T ref) GiT 5] + %
Xf*'
Oxidizer surface temperature:
M T T fo
G ap (T s.ap) < p.s.ap{T ref} Ti+ ) g.agj{Ts.ap} T f.ap} 1;?6 +0 ap(T s.ap} Do ap -
faphl- " sap: fap)’
+ M-ﬁx-{n}aﬁpmf ap.p’T s_ap,m,r app- d ap (T ref),ﬂt,xx - Tprofap.p]
t ?ap
T s.ap:
M T o
Gap(T s.ap)‘ T psap (T ref) + g.ap{ s.ap} ks =
xf.ap{PJT s.apJTf.ap}'w
AP flame temperature:
<y <oy Trap=Te- GP{TS-ap’Ts-b}'qf '
T f_ap=int.erp {sp]j.ner , steadat v , steadat s ,P} [ f.ap'?\ 2p {T f.ap)

Cp{TaapTsn) Cpgpt =

{xf_ xf'.ap (P,T s.apJT f.ap}} 10



This is the iterative solver. It takes the previous temperature profiles and other variables.

unsteady(P,xf,T s.b’T s.ap’T f.apJTpmfap.p’Tpmfb.p’r ap.p’rb.p"m') = ﬁnd(x f,T s.h’T s.ap’T f.ap}

This is the big-daddy saolver.

*fhar
T s bar

T
sol( P, At) = sol<0>'— s.ap har

T fap bat
0
0

PP Py
Tprof ap— Tprof ap.bar
Tprafy—Tprofy 40

for jje 1. rows(F)

ang— submateia gol, 0, rows(sol) - 1,1, cols( sol) - le

return ans

G apfsol ) Caplsol 1)

Tprof apew— ny [Tprof ap sol2 i p s p
ap ap

Gy, (snznl1 .jj} Gy, (soll Jie 1)

Ay Ay

Tprofy, 4 em— 10 {Tprofb, sol 5i*

. P ap < p.s.ap (T ref) Ay

soly m {Tprof ap.new Tprof ap)
Py psh (T ref)

sol, i — iv3 {Tpmfb.new - Tprofh)

Tprof ap— Tprof ap.new

Tprofy—Tprofy pe

an§e— submattind s0l, 0, rows( sol) - 1,1, cols) sol) - I)T

110

G ﬁp{SOIR,jj— 1) Gb(sml,jj— 1) At

ot ermrnl{jj) hunsteady{ij_ 1 soltI gie1 sollljj_ . S':'lz,jj— Y so]3 e 1,Tpru:uf ap'Tpmbe

oo {T pog) o 10,2

(T g, it

& ap Py



111

Use this section to solve far only ane point on the response function curve.

Frequency (Hz): @ :=3000 - 0
w59 P s
=307 iy tart
start =310 At = min| | 1070 steps = max Rk
i 3 At
T ceill] ——
_ -t
37
At =339.10°° 7o 113510 steps = 4138107
_ -3
T e = 14710
nn =0 steps - 1 tt, =htan
Model the pressure function. 1
ttm— start "
. a 1 Farmp: P =Py . +— Py Dt - start
Step function: P =P+ Py ® {ttm— sta.tt) m " bar T T bar i, )
( = }I
o
Sine wave: P =P+ EIJ{ttm— sta.tt)-[mag-sm[E-:'T-{ttm— stmt)-w]] Exponential: B =Py + Pyl T
Get the previous solution: ugh = -
k=0 rows(ugh) - 1
. Chloscout bt
Plot the pressure function.
124107 q
11’ [H H
=
=1
B o | 4
&
g - H
go1n® u J | | | l
] 0.3 1 15 2 2.5 3 35 4

Time (£

— Curent
""" Previous
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Solve. ans = sal(P, At) i =0 rows ans) - 1

Plat the mass fluxes:

100 T T T T
By
80 _Elk _
:
::' 60— —
|
bt
&
% 40 [~ —
§ har{:P har"'PhaI}g
| ] | |

i f MT\P"W i
po1g® {l ||||| [M ’I||]l.|l| ” ’ ?l{”’ ||||||J“'|” . "“ -

: || |||||| ||||||
h RA A

Mighite

Hhamerator Cordribnation
[ %)
=
[==1
|

Lo | | | | | | |
i} .00z 0.004 0.006 0.003 0.0l 0012 0.014 0.016
Time (5
— "W eird Term
""" Latetrit Heat
—  Conduction

— - Miaszs Flux Into



2.540° | | | Eindelr Stuff | | |
2+1.;.T i ﬂ f".h F |'||'| i ﬂ Hh _
{ A b

A T R ey L e e e L e R L g e R b A

o R AMAA ATV AA AR

—5u10 | | | | | | |
0 0002 0.004 0.006 0003 0.0l 0012 0014 0016
Tine ()
— "Weitd Term
""" Latetit Heat
—  Conduction
— - Ilass Flux Into
Flames
&0 T T T T T T T
Gl —
-5 40 —
i
20 —
l:l Lo et '|HILM-HM I I I' ﬁL‘ﬂ'ﬂuHHl.iw“ﬂ"r-l
0 0.002 0.004 0.006 0003 0.0l 0.012 0014 0016
Time (5]
— Hf
----- XEap
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Temperatures :
80 T T T T '
60 | -
g an - -
0 - |
P S VS B VUN VUV EY RN DU !
] 0.002 0.004 0.006 0008 0.01 0012 0.014 0.016 !
Time ()
— Tsap :
""" Tsb :
Tfap :
— - HdifF 5
et the response function. pp =steps - 1, steps — 2., ceil|steps - L :
i-Aut :
. - <> as |
sy <0 ) )| 5
ighat '=mean(iggy) ighard :=w !
2 ;
a1 -G G — tnir 1,
mexigey) - ighar igbar— minigzy) ighatd — min(igzy) g - Fpbar Fpioar gey)
R = ighar ighar ighar - Gy ighar2 ighad - Oy O o har O b
p mag mag G pbar mag G pbar mag mag
Piar Fiar Piar Phar Piar
1
17~
. R, =|04 04 207107% 047 3023107% 0472 0465 | i
B gy 160 N i o : : ;
15—
14
4060 4080 4100 4120 4140 ;
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Write the solution out to a file.

Co oscout B

augment submateig P, 0, rows ans) — 1,0,00, augment submatsis tt, 0, rows ans) — 1,0,07, ans))

SOLUTION SECTION I

Use this section for calculating an entire response function curve. Define the w vector and let that baby run.

@ =030 50 73 123 150 200 300 400 500 600 700 200 900 1000 1500 EDDDjT

T
‘]' .
Kk =0 rows( e - 1 At =min o7 e
i, 59 37
T
_ . Tmax'm ) i [ start
steps,, =maxl| ceil celll ——— + cedl
Ay, g Py, Ay,

P w, steps, At) = | for jj=0. steps— 1
ij‘_P har + PUAL - start) mag-sin 27 (AL - start) )
P
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Solve for the full response function.

Rp = | for kke 0. rows(w) -1
ange— sol(P (“’144' steps,, ﬂtw) s mm)
iggy—0
. 1
for pp e steps,, - 1, steps, - 2. c:e].l[stepskk -
it
. <ar <1y
1ggym5kk_1_pp'—(}p[(ans )pp, (ans )pp]
ighat— mean(izgy)
ighag. Minigey) + maliegy)
2
. o T
-G i) _
maigey) - ighar igbar — mintigey) maxigey) - ighatk meiligey) - Gpbar Tpbar— minlicey)
Rp(kk>_ ighat ighat ighar - prar ighatd ighard - Gp.bar Gp.bar Gp.bar
mag mag &) phar mag G pobar mag mag
Fia Pl Fra Fiar Fia
return Rp
T :
Rp:=Rp :
And here is the answer. K20 mWS(RP) -1
-0z | | | | | | 1 1 1 E
0 200 400 600 500 1000 1200 1400 1600 1300 2000 :
™ _ ] :
= g E
CAIRp2008029820100 1t
augment (w, R P) E
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